Notes on the Construction of the D2-brane from Multiple D0-branes by Hyakutake, Yoshifumi
ar
X
iv
:h
ep
-th
/0
30
21
90
v2
  2
7 
D
ec
 2
00
3
YITP-03-7
hep-th/0302190
February 2003
Notes on the Construction of the D2-brane
from Multiple D0-branes
Yoshifumi Hyakutake 1
Yukawa Institute for Theoretical Physics, Kyoto University
Sakyo-ku, Kyoto 606-8502, Japan
Abstract
We investigate the correspondence between the D2-brane, which is de-
scribed by the abelian Born-Infeld action, and multiple D0-branes, which
are done by the nonabelian Born-Infeld action. We construct effective ac-
tions for the fuzzy cylinder, sphere and plane formed via D0-branes and
compare these actions with those for the cylindrical, spherical and planar
D2-brane. We show that in the continuous limit, the effective actions for
the fuzzy D0-branes precisely coincide with those for the single D2-brane
if both the fuzziness of the D0-brane and the area occupied per a unit of
magnetic flux on the D2-brane are equal to (2πℓs)
2.
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1 Introduction
It is well-known that multiple D0-branes form a fuzzy sphere in the background of
some constant Ramond-Ramond 4-form field strength[1]. This is what is called the
Myers effect. One of the interesting features of this effect is that the fuzzy sphere
carries the dielectric charge for the R-R 3-form potential. This means that the fuzzy
sphere is actually a bound state of a D2-brane and D0-branes, and implies that the
D2-brane can be constructed from multiple D0-branes.
1
Let us observe the Myers effect in detail. We consider the case where the fuzzy
sphere is formed via M D0-branes. By evaluating the nonabelian Born-Infeld action
and Chern-Simons action for M D0-branes, we obtain the potential energy for the
fuzzy sphere like
VD0 =
√
(MT0)2 + (4πr2T2)2(1− 1M2 )−
16πhT2r
3
3
(1− 1
M2
), (1)
where −4h(= G(4)0123) is the constant R-R 4-form field strength and the parameter r
represents a radius of the fuzzy sphere. T0 is the mass of the D0-brane and T2 is the
tension of the D2-brane. If we take the limit that M is large and h is sufficiently
small, we can expand the Born-Infeld part of the above potential energy and find a
local minimum near r = hλM , where λ is defined as λ = 2πℓ2s and ℓs is the string
length. Note that the Chern-Simons part of the potential energy can be approximated
as 4π(hλM)
3
3
T2G
(4)
0123. This means that the fuzzy sphere carries the dielectric charge for
the R-R 3-form potential.
On the other hand, the same dielectric phenomenon can also be confirmed by
analyzing the abelian Born-Infeld action and Chern-Simons action for a spherical D2-
brane. The potential energy for the spherical D2-brane with M units of magnetic flux
on its world-volume is evaluated as
VD2 =
√
(MT0)2 + (4πr2T2)2 − 16πhT2r
3
3
. (2)
It is easy to see that the potential energy (1) approaches to the energy (2) as M goes
sufficiently large. Thus the dielectric phenomenon can be viewed from two different
ways, that is, as the classical configurations of multiple D0-branes which form the
fuzzy sphere or as the classical configuration of the spherical D2-brane with magnetic
flux on its world-volume.
So far we have observed that the system of the spherical D2-brane with magnetic
flux on the world-volume is realized as the classical fuzzy configurations of D0-branes.
Now it is natural to pose a question whether an effective action for the spherical D2-
brane with magnetic flux is constructed from the multiple D0-branes which form the
fuzzy sphere by adding some fluctuations around it. Especially it is easy to show
that the world-volume theory on the spherical D2-brane is described by U(1) gauge
theory. So the fluctuations around the fuzzy sphere must also be described by U(1)
gauge theory if the fuzzy sphere precisely corresponds to the spherical D2-brane with
magnetic flux in the continuous, or large M , limit.
2
In this paper we analyze the nonabelian Born-Infeld action for D0-branes around
the backgrounds of the fuzzy cylinder, sphere and plane2. And we show that fluctua-
tions around these fuzzy backgrounds are certainly described by U(1) gauge theories.
Furthermore we see that these effective actions precisely coincide with the actions
obtained by evaluating the abelian Born-Infeld action for the D2-brane if both the
fuzziness of the D0-brane and the area occupied per a unit of magnetic flux on the
D2-brane are equal to (2πℓs)
2.
It should be mentioned that in this paper we consider the cylindrical and spherical
D2-brane, or the fuzzy cylinder and sphere formed via D0-branes, in the background
of the flat space-time. These configurations are unstable against the collapse because
of the D2-brane tension, however, in any case it is possible to stabilize those config-
urations by introducing some nontrivial background R-R flux, as in the case of the
Myers effect3. Since the effects of the background R-R flux appears through the Chern-
Simons action, for the analyses of the Born-Infeld action, it does not matter whether
the background R-R flux exists or not.
The contents of this paper are as follows. In section 2, we give some comments on
properties of the fuzzy cylinder, sphere and plane by explicitly representing matrices.
In section 3, we obtain the effective actions for the cylindrical, spherical and planar
D2-brane by evaluating the abelian Born-Infeld action. In section 4, we construct the
effective actions for the fuzzy cylinder, sphere and plane, and compare these actions
with the results obtained in the section 3. Some discussions are given in section 5.
2 Some Comments on Fuzzy Surfaces with Axial
Symmetry
In this section we review various fuzzy surfaces which are embedded in the three
dimensional flat space (x1, x2, x3). First we consider a fuzzy cylinder extending to the
x3 direction and generalize this to a fuzzy surface with axial symmetry around the x3
direction. Then we discuss a fuzzy sphere and plane in order.
The fuzzy surface is represented by a set of three hermitian matrices (X1, X2, X3).
If these three matrices are simultaneously diagonalized, each set of diagonal elements
2For the plane case, see also refs. [2] and [3]. The construction of D-branes via tachyon condensation
is investigated in ref. [18].
3For the stability of D-branes, see also refs. [13]-[17].
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(X1mm, X
2
mm, X
3
mm) is interpreted as a position in the space (x
1, x2, x3). Note that these
matrices describe just a set of ‘points’ and do not represent a ‘surface’. In order to
construct a ‘surface’ from matrices, the commutation relations among X1, X2 and X3
must be nontrivial, as we will see later.
It is useful to remark that the size of matrices is finite for a closed fuzzy surface
and infinite for an open one. This is because the size of matrices is related to the
area of the fuzzy surface. The closed fuzzy surface can be approximated as a smooth
one if the size of matrices is large enough. Similarly the open fuzzy surface can be
approximated as a smooth one if the size of partial matrices assigned to some finite
area is sufficiently large.
2.1 The fuzzy cylinder
First of all let us investigate the fuzzy cylinder as a simple example of the fuzzy surfaces
which are axially symmetric around the x3 direction[4]. In order to find an explicit
representation of matrices for the fuzzy cylinder, it is useful to note that the smooth
cylinder which is extending to the x3 direction is algebraically expressed as
−∞ < x3 <∞, (x1)2 + (x2)2 = ρ2c . (3)
Here the constant ρc is the radius of the smooth cylinder (see Fig. 1(a)).
Let us consider matrix versions of the above equations. First we diagonalize the
hermitian matrix X3 and interpret each element as a position in the x3 direction.
Then the first condition in (3) can be translated into the condition that the diagonal
elements X3mm increase from −∞ to ∞ as the subscripts m do. Here the subscripts
m run the whole integer and this means that the size of the matrices is infinite. As
mentioned before, this reflects the fact that the cylinder is the open surface. Next, by
simply replacing variables with matrices in the second equation of (3), we obtain the
matrix equation of the form
(X1)2 + (X2)2 = ρ2c1∞, (4)
where 1∞ is the ∞×∞ unit matrix.
Now it is easy to see that the above two conditions for the matrices X1, X2 and
4
(a) (b)
x1
x2
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x3
−2lc
−lc
0
lc
2lc
ρc
Figure 1: (a) The smooth cylinder. (b) The fuzzy cylinder. Each segment occupies
the constant area 2πa = 2πρclc and adjacent segments are joined without overlap.
X3 are satisfied if we choose the matrices as
X1mn =
1
2
ρcδm+1,n +
1
2
ρcδm,n+1,
X2mn =
i
2
ρcδm+1,n − i
2
ρcδm,n+1, (5)
X3mn = mlcδm,n,
where m,n ∈ Z. We will call the fuzzy element which is located at X3mm = mlc the
mth segment. The above matrices are constructed so that the segments are aligned to
the x3 direction with the constant separation lc. It is interesting to notice that these
matrices satisfy the simple algebra of the form
[X1, X2] = 0, [X2, X3] = ilcX
1, [X3, X1] = ilcX
2. (6)
This algebra contains only one parameter lc and the radius ρc appears from the Casimir
operator[4, 5].
So far we have obtained the matrices (5) by referring to the smooth cylinder.
However the equation (4) is not so strong to determine the representation of matrices
uniquely. For example, it is possible to choose other matrices which satisfy (4) as
X1mn =
1
2
ρcδm+k,n +
1
2
ρcδm,n+k,
X2mn =
i
2
ρcδm+k,n − i
2
ρcδm,n+k, (7)
X3mn =
m
k
lcδm,n,
where m,n ∈ Z and k is an arbitrary positive integer. The matrices (5) are also
included as a case of k = 1. Note that the above matrices satisfy the algebra (6)
regardless of the value of k.
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Then in order to fix the matrix representation for the fuzzy cylinder, we introduce
the notion of the area for the fuzzy surface. As we will confirm later, the area A for
the fuzzy surface with axial symmetry is defined as
A = 2πTr
(√
−1
2
[X i, Xj]2
)
, (8)
where i, j = 1, 2, 3 and i and j are contracted respectively. It is important to remark
that the area for the fuzzy surface becomes nonzero only when the commutation re-
lations for the matrices X i are nontrivial. In other words, the matrices X i which are
simultaneously diagonalized represent just a set of points and do not make any surface.
The factor 2π in the area formula will be explained later.
Now by substituting the matrices (7) for the formula (8), the area can be estimated
as A =
∑
m 2πρclc, which means that the each segment occupies the constant area
k× (2πρc lck ). From this we see that adjacent segments are joined without any overlap
only when k = 1 (see Fig. 1(b)). Therefore we conclude that the matrices (5) really
represent the fuzzy cylinder.
For later use we define 2πa = 2πρclc which represents the fuzziness of the each
matrix diagonal element.
2.2 The fuzzy surface with axial symmetry
In this subsection we generalize the previous arguments to obtain the matrix repre-
sentation for a fuzzy surface which has axial symmetry around the x3 direction. In
order to execute this, let us gaze at the picture of the fuzzy cylinder, Fig. 1(b). There
the each value ρc which appears in the elements X
1,2
m,m+1 or X
1,2
m+1,m is translated into
a position in the radial direction of the each joint between the mth and (m + 1)th
segments, and the value X3mm = mlc is done into a position of the each segment in the
x3 direction. Now it is straightforward to generalize that the fuzzy surface with axial
symmetry around the x3 direction is represented as
X1mn =
1
2
ρm+1/2δm+1,n +
1
2
ρm−1/2δm,n+1,
X2mn =
i
2
ρm+1/2δm+1,n − i
2
ρm−1/2δm,n+1, (9)
X3mn = zmδm,n,
where m,n run an infinite set of integers for the open surface and a finite set of integers
for the closed surface. As is obvious from the explanations fo far, zm is interpreted as
6
✲x3 x3
z−2
z−1
z0
z1
z2
Figure 2: The general fuzzy surface with axial symmetry is obtained by deforming the
fuzzy cylinder.
a position of the mth segment in the x3 direction, and ρm+1/2 is done as a position of
the joint between the mth and (m+1)th segments in the radial direction (see Fig. 2).
It is easy to see that the commutation relations among X i are evaluated as
[X1, X2]mn = − i
2
(
ρ2m+1/2−ρ2m−1/2
)
δm,n,
[X2, X3]mn =
i
2
ρm+1/2
(
zm+1−zm
)
δm+1,n +
i
2
ρm−1/2
(
zm−zm−1
)
δm,n+1, (10)
[X3, X1]mn = −1
2
ρm+1/2
(
zm+1−zm
)
δm+1,n +
1
2
ρm−1/2
(
zm−zm−1
)
δm,n+1.
Of course, the algebra for the fuzzy cylinder (6) is reproduced by choosing like ρm+1/2 =
ρc and zm+1−zm = lc for any m. The commutation relations will become simple if the
differences zm+1−zm are some constant.
Let ua apply the area formula (8) to the fuzzy surface with axial symmetry. By
substituting the matrices (9) for the formula, we obtain the area for the fuzzy surface
as
A=2π
∑
m
√
1
2
{
ρ2m+1/2
(
zm+1−zm
)2
+ρ2m−1/2
(
zm−zm−1
)2}
+
1
4
(
ρ2m+1/2−ρ2m−1/2
)2
. (11)
Now we take the continuous limit by assuming that the differences zm+1− zm are
sufficiently small. In this case the set of zm becomes a continuous parameter z and
the set of ρm+1/2 is written as a function z as ρ(z). Then the first term in the square
root is approximated as ρ2dz2 and the second term is done as 1
4
{(ρ2)′dz}2, where ′ is
an abbreviation for d
dz
. Furthermore the sum is replaced with the integral on z. After
all in the continuous limit, the area formula for the fuzzy surface (11) reaches to the
form
A ∼ 2π
∫
dz ρ
√
1 + ρ′2. (12)
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This is precisely coincident with the area for the smooth surface with axial symmetry
around the z direction. Therefore we conclude that the area formula (8) really gives
the area for the fuzzy surface with axial symmetry. Note that the factor 2π in the
area formula corresponds to an integral over the angular direction and this does not
arise from the trace operation.
Let us investigate the axial symmetry of the fuzzy surface in detail. After we
rotate the matrices (9) around the x3 axis with an angle θ, we obtain matrices Xˆ i of
the forms,
Xˆ1mn = (cos θX
1 − sin θX2)mn = 1
2
ρm+1/2e
−iθδm+1,n +
1
2
ρm−1/2e
iθδm,n+1,
Xˆ2mn = (sin θX
1 + cos θX2)mn =
i
2
ρm+1/2e
−iθδm+1,n − i
2
ρm−1/2e
iθδm,n+1, (13)
Xˆ3mn = X
3
mn = zmδm,n.
It is easy to observe that the matrices Xˆ i and X i hold the three conditions that
(Xˆ1)2 + (Xˆ2)2 = (X1)2 + (X2)2, Xˆ3 = X3 and Aˆ = A. This means that the matrices
Xˆ i and X i represent the same fuzzy surface with axial symmetry. The parameter θ
corresponds to the ‘relative’ angular direction as we see below.
Furthermore it is important to note that the above global rotation symmetry
around the x3 direction can be elevated to a ‘local’ symmetry as
Xˆ1mn =
1
2
ρm+1/2e
−iθm+1/2δm+1,n +
1
2
ρm−1/2e
iθm−1/2δm,n+1,
Xˆ2mn =
i
2
ρm+1/2e
−iθm+1/2δm+1,n − i
2
ρm−1/2e
iθm−1/2δm,n+1, (14)
Xˆ3mn = zmδm,n,
where each θm+1/2 is a real parameter. It is straightforward to show that these matrices
Xˆ i represent the same fuzzy surface as the matrices X i. If we explain pictorially, the
matrices Xˆ i can be obtained from the matrices X i by rotating the mth segment with
the angle φm where φm+1−φm = θm+1/2.
Note that the matrices (14) are also expressed by using a unitary matrix U as
Xˆ i = UX iU †, Umn = e
iφm δm,n, (15)
where φm are the same as the above. This implies that the local rotation symmetry
around the x3 axis is identified with U(1)∞ symmetry.
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2.3 The fuzzy sphere
In this subsection we give self-contained derivation of the matrices which represent the
fuzzy sphere. Since the fuzzy sphere is axially symmetric around the x3 direction, we
start from the matrices (9) and impose the following three conditions.
First, since the smooth sphere with the radius c is algebraically expressed as
(x1)2 + (x2)2 + (x3)2 = c2, (16)
we impose the condition of the form,
(X1)2 + (X2)2 + (X3)2 = c21M , (17)
where 1M is the M ×M unit matrix. Note that the size of matrices is finite because
the sphere is the closed surface. In components, the above condition is written as
1
2
(ρ2m+1/2 + ρ
2
m−1/2) + z
2
m = c
2 for m = 1, 2, · · · ,M and ρ1/2 = ρM+1/2 = 0. Second we
require that the each segment of the fuzzy sphere occupies the constant area 2πa. By
referring the area formula (11), this condition is expressed as
√
1
2
{
ρ2m+1/2
(
zm+1−zm
)2
+ρ2m−1/2
(
zm−zm−1
)2}
+
1
4
(
ρ2m+1/2−ρ2m−1/2
)2
= a, (18)
where m = 1, 2, · · · ,M . Note that in the continuous limit the above equation becomes
ρ
√
1 + ρ′2dz = cdz = a, (19)
for ρ(z) =
√
c2 − z2. This means that the each separation dz between the adjacent
segments is some constant. Then the third condition for the fuzzy sphere is given by
zm =
rs
M
(2m−M − 1). (20)
In the continuous limit, the set of zm becomes a parameter which range from −rs to
rs, and rs is thought the radius of the sphere.
Let us find out the explicit expressions for ρm+1/2 which satisfy the conditions (17),
(18) and (20). From these we obtain the recurrence relations
√
4a2+
(2rs
M
)4
− 4
(2rs
M
)2
ρ2m+1/2 =
√
4a2+
(2rs
M
)4
− 4
(2rs
M
)2
ρ2m−1/2 ± 2
(2rs
M
)2
. (21)
The sign − is for 1 ≤ m ≤ [M
2
] and the sign + is for [M+1
2
] < m ≤ M since the
condition (17) insists that ρm+1/2 increase when zm < 0 and decrease when 0 < zm.
9
x3
x1
x2
x3
(a) (b)
Figure 3: (a) The fuzzy sphere with M = 5. (b) The fuzzy plane.
Then by noting the relations ρ1/2 = ρM+1/2 = 0 and ρ
2
5/2 = 2(z
2
1 − z22), the above
recurrence relations can be solved as
ρm+1/2 =
2rs
M
√
m(M −m), (22)
and simultaneously a and c are also determined as
2πa =
4πr2s
M
√
1− 1
M2
, c = rs
√
1− 1
M2
. (23)
It is important to note that 2πa and c become 4πr
2
s
M
and rs respectively in the continuous
limit. These facts convince us that what we obtained so far precisely describes the
fuzzy sphere (see Fig. 3(a)).
Finally the matrices for the fuzzy sphere are written as
X1mn =
rs
M
√
m(M−m)δm+1,n + rs
M
√
(m−1)(M−m+1)δm,n+1,
X2mn =
irs
M
√
m(M−m)δm+1,n − irs
M
√
(m−1)(M−m+1)δm,n+1, (24)
X3mn =
rs
M
(2m−M−1)δm,n,
where m,n = 1, 2, · · · ,M . And the algebra for the fuzzy sphere is given by
[X i, Xj] = iǫijk
2rs
M
Xk, (25)
where i, j, k = 1, 2, 3 and k is contracted.
2.4 The fuzzy plane
In this subsection we find out the matrices which represent the fuzzy plane. Since the
fuzzy plane has axial symmetry around the x3 direction, we start from the matrices
(9) and impose the following two conditions.
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The first one is given by
X3mn = z0δm,n, (26)
where z0 is some constant and m,n = 1, 2, · · · . The size of matrices is infinite because
the fuzzy plane is the open surface. The above condition means that the fuzzy plane
is located at z0 in the x
3 direction. The second condition is given by
1
2
(ρ2m+1/2−ρ2m−1/2) = a, (27)
with ρ1/2 = 0. This comes from the requirement that the each segment of the fuzzy
plane occupies the constant area 2πa. It is easy to see that the above recurrence
relations can be solved as ρm+1/2 =
√
2am (see Fig. 3(b)).
Then the matrices for the fuzzy plane are represented as
X1mn =
1
2
√
2amδm+1,n +
1
2
√
2a(m−1)δm,n+1,
X2mn =
i
2
√
2amδm+1,n − i
2
√
2a(m−1)δm,n+1, (28)
X3mn = z0δm,n,
where m,n = 1, 2, · · · . And the algebra for the fuzzy plane is given by
[X1, X2] = −ia, [X2, X3] = [X3, X1] = 0. (29)
Finally it is important to note that the area formula for the fuzzy plane becomes
A = 2π
∑
m
a = 2π
∑
m
ρmlm ∼ 2π
∫
ρdρ, (30)
where ρm and lm are defined as ρm =
1
2
(ρm+1/2 + ρm−1/2) and lm = ρm+1/2 − ρm−1/2
respectively. The notation ∼ is used to represent the continuous limit. The above
equation precisely represents the area for the smooth plane. It is also interesting to
note that the above equation is also be expressed as
A = 2πiTr[X1, X2] ∼ 2π
∫
ρdρ. (31)
This relation is often used to show that the D2-brane charge can be constructed from
multiple D0-branes[2, 6].
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3 Effective Actions for the Single D2-brane with
Axial Symmetry
3.1 Preliminaries
It is well-known that the bosonic part of the effective action for a single D2-brane is de-
scribed by the abelian Born-Infeld action[7]. In this section we explicitly construct the
effective actions for the cylindrical, spherical and planar D2-brane in the background
of the flat space-time.
The abelian Born-Infeld action in the background of the flat space-time is given by
SD2 = −T2
∫
d3ξ
√
− det (P [η]αβ + λFαβ), (32)
where T2 = 1/(2π)
2ℓ3sgs is the tension of the D2-brane and ℓs and gs are the string
length and the string coupling constant respectively. And the flat space-time metric is
denoted as ηµν where µ, ν = 0, 1, · · · , 9. The world-volume coordinates are represented
by ξα(α = 0, 1, 2) and λ = 2πℓ2s. Other conventions will be explained later.
The procedures to obtain the effective actions are straightforward, but we execute
without any omission since the results obtained in this section will play an important
role to justify those obtained in the next section.
3.2 The effective action for the cylindrical D2-brane
Let us describe the effective action for the cylindrical D2-brane. First of all, since
the D2-brane is embedded into the target space in the shape of the cylinder, it is
convenient to employ the cylindrical coordinates on the (x1, x2, x3) part. So the line
element of the flat space-time is given by
ds2 = −dt2 + dρ2 + ρ2dφ2 + dz2 +
9∑
i=4
(dxi)2. (33)
Then the world-volume coordinates on the cylindrical D2-brane are chosen as (t, φ, z)
and the D2-brane is embedded into the target space like ρ = ρc and x
i = 0. The
constant ρc is the radius of the cylinder.
Furthermore we add a fluctuation ρˆ(t, φ, z) around ρc, but neglect other fluctuations
around xi = 0 for simplicity. Therefore the scalar fields on the D2-brane are written
12
as ρ = ρc + ρˆ and x
i = 0. Then the pullback metric on the D2-brane is given by
P [η]αβ =

−1 +
˙ˆρ2 ˙ˆρ ˜ˆρ ˙ˆρρˆ′
˙ˆρ ˜ˆρ ρ2 + ˜ˆρ2 ˜ˆρρˆ′
˙ˆρρˆ′ ˜ˆρρˆ′ 1 + ρˆ′2

 , (34)
where α, β = t, φ, z and we introduced abbreviations ˙ˆρ = ∂tρˆ, ˜ˆρ = ∂φρˆ and ρˆ
′ = ∂zρˆ.
The symbol P [· · · ] is used to clarify the pullback operation. In addition to the scalar
fields, the abelian gauge field Aα appears from the massless excitation modes of the
open string attached to the D2-brane. The field strength is denoted as Fαβ .
By substituting the pullback (34) for the action (32), we obtain the effective action
of the form,
SD2 = −T2
∫
dtdφdz
√√√√√− det

 −1 +
˙ˆρ2 ˙ˆρ ˜ˆρ+ λFtφ ˙ˆρρˆ
′ + λFtz
˙ˆρ ˜ˆρ− λFtφ ρ2 + ˜ˆρ2 ˜ˆρρˆ′ + λFφz
˙ˆρρˆ′ − λFtz ˜ˆρρˆ′ − λFφz 1 + ρˆ′2


= −T2
∫
dtdφdz ρ
√
1 + ∂αρˆ∂αρˆ+
λ2
2
FαβF αβ − λ
2
4
(
ǫαβγ∂αρˆ Fβγ
)2
. (35)
This is the effective action for the cylindrical D2-brane. The indices α, β are raised or
lowered by the metric ds2 = −dt2 + ρ2dφ2 + dz2 and ǫtφz = 1/ρ.
In the next section we will construct a single D2-brane from multiple D0-branes.
To be precise, since the D0-brane charge corresponds to the magnetic flux on the
D2-brane, from multiple D0-branes, we will be able to construct the D2-brane with
constant magnetic flux on the world-volume. Therefore we must consider the case
where the uniform magnetic flux exists on the D2-brane world-volume.
The uniform magnetic flux on the cylindrical D2-brane is described by choosing
the field strength as Fφz = ρc/b. And from the quantization condition of the magnetic
flux,
1
2π
∫
dφdzFφz =
2πρc
∫
dz
2πb
∈ Z, (36)
the constant 2πb is interpreted as the area occupied per a unit of magnetic flux. Then
a fluctuation around this magnetic flux background is added as
Fφz =
ρc
b
+ fφz, (37)
where fφz = ∂φaz−∂zaφ. We also express the other field strengths by using small
letters as Ftφ = ftφ = ∂taφ−∂φat and Ftz = ftz = ∂taz−∂zat to clarify that these are
the fluctuations around trivial backgrounds.
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Finally it is natural to consider that the fluctuation ρˆ is sufficiently smaller than
the radius ρc, that is, ρˆ/ρc ≪ 1. In this case the effective action for the cylindrical
D2-brane is estimated as
SD2=−T2
∫
dtdφdz ρc
√
1 + ∂αρˆ∂αρˆ+
λ2
2
FαβF αβ − λ
2
4
(
ǫαβγ∂αρˆ Fβγ
)2
+O( ρˆ
ρc
)
,
=−T0
λ
∫
dtdz ρc
[
1 +
(− ˙ˆρ2+ρˆ′2)+ λ2{− 1
ρ2c
a˙2φ+
1
ρ2c
(ρc
b
−a′φ
)2
−f 2tz
}
(38)
− λ
2
ρ2c
{
˙ˆρ
(ρc
b
−a′φ
)
+ ρˆ′a˙φ
}2
+O( ρˆ
ρc
)]1/2
.
Here the indices α, β are raised or lowered by the metric ds2 = −dt2+ρ2cdφ2+dz2 and
ǫtφz = 1/ρc. The second line holds if we assume that the fluctuations do not depend
on the angular direction φ. The above effective action will be reconstructed from the
nonabelian Born-Infeld action for D0-branes in the next section.
3.3 The effective action for the spherical D2-brane
In this subsection we construct the effective action for the spherical D2-brane. Since
the D2-brane is embedded into the target space spherically, we employ the spherical
coordinates on the (x1, x2, x3) part. So the line element of the flat space-time is
described as
ds2 = −dt2 + dr2 + r2dθ2 + r2 sin2 θdφ2 +
9∑
i=4
(dxi)2. (39)
Then the world-volume coordinates on the spherical D2-brane are chosen as (t, θ, φ),
and the D2-brane is embedded into the target space like r = rs and x
i = 0. The
constant rs is the radius of the sphere.
Furthermore we add a fluctuation rˆ(t, θ, φ) around r = rs but neglect other fluc-
tuations around xi = 0 for simplicity. Therefore the scalar fields on the D2-brane are
written as r = rs+ rˆ and x
i = 0. And the pullback metric on the D2-brane is given by
P [η]αβ =

−1 +
˙ˆr2 ˙ˆrrˆ′ ˙ˆr˜ˆr
˙ˆrrˆ′ r2 + rˆ′2 rˆ′ ˜ˆr
˙ˆr˜ˆr rˆ′ ˜ˆr r2 sin2 θ + ˜ˆr2

 , (40)
where α, β = t, θ, φ and we introduced abbreviations ˙ˆr = ∂trˆ, rˆ
′ = ∂θ rˆ and ˜ˆr = ∂φrˆ.
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By substituting the pullback (40) for the action (32), we obtain the effective action
of the form,
SD2 = −T2
∫
dtdθdφ
√√√√√− det

 −1 +
˙ˆr2 ˙ˆrrˆ′ + λFtθ ˙ˆr˜ˆr + λFtφ
˙ˆrrˆ′ − λFtθ r2 + rˆ′2 rˆ′ ˜ˆr + λFθφ
˙ˆr˜ˆr − λFtφ rˆ′ ˜ˆr − λFθφ r2 sin2 θ + ˜ˆr2


= −T2
∫
dtdθdφ r2 sin θ
√
1 + ∂αrˆ∂αrˆ +
λ2
2
FαβF αβ − λ
2
4
(
ǫαβγ∂αrˆ Fβγ
)2
. (41)
This is the effective action for the spherical D2-brane. The indices α, β are raised or
lowered by the metric ds2 = −dt2 + r2dθ2 + r2 sin2 θdφ2 and ǫtθφ = 1/r2 sin θ.
The uniform magnetic flux on the spherical D2-brane is described by choosing the
field strength as Fθφ = r
2
s sin θ/b. And from the quantization condition of the magnetic
flux,
1
2π
∫
dθdφFθφ =
4πr2s
2πb
∈ Z, (42)
the constant 2πb is interpreted as the area occupied per a unit of magnetic flux. A
fluctuation around this magnetic flux background is added like
Fθφ =
r2s sin θ
b
+ fθφ, (43)
where fθφ = ∂θaφ−∂φaθ. We also express the other field strengths by using small
letters as Ftθ = ftθ = ∂taθ−∂θat and Ftφ = ftφ = ∂taφ−∂φat to clarify that these are
the fluctuations around trivial backgrounds.
Finally it is suitable to consider that the fluctuation rˆ is sufficiently smaller than
the radius rs, that is, rˆ/rs ≪ 1. In this case the effective action for the spherical
D2-brane is evaluated as
SD2=−T2
∫
dtdθdφ r2s sin θ
√
1 + ∂αrˆ∂αrˆ +
λ2
2
FαβF αβ − λ
2
4
(
ǫαβγ∂αrˆ Fβγ
)2
+O( rˆ
rs
)
,
=−T0
λ
∫
dtdθ r2s sin θ
[
1 +
{
− ˙ˆr2+ 1
r2s
rˆ′2
}
+ λ2
{
− 1
r2s
f 2tθ+
1
r4s sin
2 θ
(r2s sin θ
b
+a′φ
)2
− 1
r2s sin
2 θ
a˙2φ
}
− λ
2
r4s sin
2 θ
{
˙ˆr
(r2s sin θ
b
+a′φ
)
− rˆ′a˙φ
}2
+O( rˆ
rc
)]1/2
. (44)
The indices α, β are raised or lowered by the metric ds2 = −dt2 + r2sdθ2 + r2s sin2 θdφ2
and ǫtθφ = 1/r2s sin θ. The second equation holds when the fluctuations do not depend
on the angular direction φ. We will reconstruct the above action from the nonabelian
Born-Infeld action for D0-branes in the next section.
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3.4 The effective action for the planar D2-brane
Let us describe the effective action for the planar D2-brane. First of all, since the
D2-brane is embedded into the target space in the shape of the plane, we employ the
cylindrical coordinates on the (x1, x2, x3) part. So the line element of the flat space-
time is given by (33). Then the world-volume coordinates on the planar D2-brane are
chosen as (t, ρ, φ) and the D2-brane is embedded into the target space like z = z0 and
xi = 0. The constant z0 represents the position of the plane in the x
3 direction.
We also include a fluctuation zˆ(t, ρ, φ) around z = z0 but neglect other fluctuations
around xi = 0 for simplicity. Then the scalar fields on the D2-brane are written as
z = z0 + zˆ and x
i = 0. The pullback metric on the D2-brane is given by
P [η]αβ =

−1 +
˙ˆz2 ˙ˆzzˆ′ ˙ˆz ˜ˆz
˙ˆzzˆ′ 1 + zˆ′2 zˆ′ ˜ˆz
˙ˆz ˜ˆz zˆ′ ˜ˆz ρ2 + ˜ˆz2

 , (45)
where α, β = t, ρ, φ and we introduced abbreviations ˙ˆz = ∂tzˆ, zˆ
′ = ∂ρzˆ and ˜ˆz = ∂φzˆ.
By substituting the pullback (45) for the action (32), we obtain the effective action
of the form,
SD2 = −T2
∫
dtdρdφ
√√√√√− det

 −1 +
˙ˆz2 ˙ˆzzˆ′ + λFtρ ˙ˆz ˜ˆz + λFtφ
˙ˆzzˆ′ − λFtρ 1 + zˆ′2 zˆ′ ˜ˆz + λFρφ
˙ˆz ˜ˆz − λFtφ zˆ′ ˜ˆz − λFρφ ρ2 + ˜ˆz2


= −T2
∫
dtdρdφ ρ
√
1 + ∂αzˆ∂αzˆ +
λ2
2
FαβF αβ − λ
2
4
(
ǫαβγ∂αzˆ Fβγ
)2
. (46)
This is the effective action for the planar D2-brane. The indices α, β are raised or
lowered by the metric ds2 = −dt2 + dρ2 + ρ2dφ2 and ǫtρφ = 1/ρ.
The uniform magnetic flux on the planar D2-brane is described by choosing the
field strength like Fρφ = ρ/b. And from the quantization condition of the magnetic
flux,
1
2π
∫
dρdφFρφ =
2π
∫
dρρ
2πb
∈ Z, (47)
the constant 2πb is interpreted as the area occupied per a unit of magnetic flux. Then
a fluctuation around this magnetic flux background is added as
Fρφ =
ρ
b
+ fρφ, (48)
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where fρφ = ∂ρaφ−∂φaρ. We also express the other field strengths by using small
letters as Ftρ = ftρ = ∂taρ−∂ρat and Ftφ = ftφ = ∂taφ−∂φat to clarify that these are
the fluctuations around trivial backgrounds.
Finally in the case where the fluctuations do not depend on the angular direction
φ, the effective action for the planar D2-brane is written as
SD2=−T0
λ
∫
dtdρ ρ
[
1 +
(− ˙ˆz2+zˆ′2)+ λ2{−f 2tρ+ 1ρ2
(ρ
b
+a′φ
)2
− 1
ρ2
a˙2φ
}
(49)
− λ
2
ρ2
{
˙ˆz
(ρ
b
+a′φ
)
− zˆ′a˙φ
}2]1/2
.
This action will be reconstructed from the nonabelian Born-Infeld action for multiple
D0-branes in the next section.
4 Construction of the D2-brane from Multiple D0-
branes
4.1 Preliminaries
In this section we construct the D2-brane from multiple D0-branes. As a preparation
for that, in this subsection we investigate the properties of the effective action for
multiple D0-branes.
It is well-known that the bosonic part of the effective action for M D0-branes
is described by the nonabelian Born-Infeld action[1, 8, 9, 10]. This action possesses
U(M) gauge symmetry and consists of U(M) gauge field At and nine adjoint scalars
X i (i = 1, · · · , 9) which appear from the massless excitations of the open strings ending
on D0-branes. In the background of the flat space-time the nonabelian Born-Infeld
action for M D0-branes is expressed as
SD0 = −T0
∫
dt STr
(√
−P [E + E ′]tt detQij
)
, (50)
where T0 = 1/ℓsgs is the mass of the D0-brane and the notation STr represents the
symmetrized trace prescription. The matrices Eµν , E
′
µν and Q
i
j are defined as
Eµν = ηµν , E
′
µν = ηµi(Q
−1i
j − δij)ηjν , Qij = δij +
i
λ
[X i, Xj], (51)
where µ, ν = 0, 1, · · · , 9 and i, j = 1, 2, · · · , 9. And ηµν represents the 10-dimensional
flat space-time metric. It is important to note that the pullback operations in the
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above action are modified to respect the U(M) gauge symmetry. Namely the partial
derivatives should be replaced with the covariant derivatives as
P [E]tt = −1 + (DtX i)2,
P [E ′]tt = DtX
iQ−1ijDtX
j − (DtX i)2, (52)
where the covariant derivatives are defined as DtX
i = ∂tX
i + i[At, X
i]. Then the
action (50) is rewritten as
SD0 = −T0
∫
dt STr
(√
detQij −DtX i(detQ)Q−1ijDtXj
)
. (53)
Note that the matrices such as DtX
i or [X i, Xj] behave as ordinary numbers through
the calculations under the symmetrized trace operation. So we do not take care of the
order of the matrices at this stage.
Let us consider the case where multiple D0-branes form the fuzzy surface in the
(x1, x2, x3) space. In order to do this, we only keep the matrices At, X
1, X2 and X3
in the action and neglect the other adjoint scalars X4, · · · , X9 for simplicity. So it is
reasonable to regard i, j = 1, 2, 3. Then the 3× 3 matrix Qij is written as
Qij =

 1
i
λ
[X1, X2] − i
λ
[X3, X1]
− i
λ
[X1, X2] 1 i
λ
[X2, X3]
i
λ
[X3, X1] − i
λ
[X2, X3] 1

 . (54)
Note that the each element is also the M ×M hermitian matrix. Now we evaluate
the interior of the square root in the action (53). First the determinant of the 3 × 3
matrix Qij is given by
detQij
STr
= 1− 1
2λ2
[X i, Xj]2. (55)
The notation
STr
= is used to emphasize that the above equation holds under the sym-
metrized trace prescription. Next the cofactor matrix Q˜j
i
of the 3 × 3 matrix Qij is
estimated as
Q˜j
i
= (detQ)Q−1ij
STr
= δij −
i
λ
[X i, Xj]− 1
4λ2
ǫikl[X
k, X l]ǫjmn[X
m, Xn]. (56)
Then the second term in the square root is calculated as
DtX
iQ˜j
i
DtX
j STr= (DtX
i)2 − 1
4λ2
(
ǫijkDtX
i[Xj , Xk]
)2
, (57)
where ǫ123 = 1.
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Finally substituting the relations (55) and (57) for the action (53), we obtain the
effective action of the form,
SD0 = −T0
∫
dtTr
√
1− (DtX i)2 − 1
2λ2
[X i, Xj]2 +
1
4λ2
(
ǫijk
{
DtX i, [Xj, Xk]
})2
. (58)
Here we replaced STr with the ordinary Tr operation by introducing {A,B} = 1
2
(AB+
BA) in the last term in the square root. It should be mentioned that this manipulation
is slightly different from the symmetrized trace operation since we symmetrized not
(ǫijk
{
DtX
i, [Xj, Xk]
}
)2 but (ǫijk
{
DtX
i, [Xj, Xk]
}
). In the following subsections, we
will evaluate the above action in the background of the fuzzy cylinder, sphere and plane
and show that the actions obtained there precisely coincides with those obtained in
the previous section. In order to achieve this, we need to modify the symmetrized
trace operation as stated above.
4.2 The effective action for the fuzzy cylinder
4.2.1 The identification of gauge fluctuations
As we have discussed in the section 2, the fuzzy cylinder is described by the matrices
(5). In this subsection we consider fluctuations around the fuzzy cylinder and identify
the gauge degrees of freedom. First of all we choose the matrices as
X1mn =
1
2
ρce
ilcaz
∣∣∣
m+1/2
δm+1,n +
1
2
ρce
−ilcaz
∣∣∣
m−1/2
δm,n+1,
X2mn =
i
2
ρce
ilcaz
∣∣∣
m+1/2
δm+1,n − i
2
ρce
−ilcaz
∣∣∣
m−1/2
δm,n+1, (59)
X3mn =
(
mlc − lcaφ
)∣∣∣
m
δm,n , Atmn = at
∣∣∣
m
δm,n.
Here we employed the notation f |m+1/2 which is equivalent to fm+1/2. For example
the notation ρc exp(ilcaz)|m+1/2 represents ρc exp(ilcaz m+1/2). It should be mentioned
that the fluctuations az|m+1/2, aφ|m and at|m depend on the time t.
Now let us calculate the interior of the square root in the action (58) step by step.
First the covariant derivatives are given by
(DtX
1)mn =
ia
2
ftze
ilcaz
∣∣∣
m+1/2
δm+1,n − ia
2
ftze
−ilcaz
∣∣∣
m−1/2
δm,n+1,
(DtX
2)mn = −a
2
ftze
ilcaz
∣∣∣
m+1/2
δm+1,n − a
2
ftze
−ilcaz
∣∣∣
m−1/2
δm,n+1, (60)
(DtX
3)mn = −lca˙φ
∣∣∣
m
δm,n,
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where ftz|m+1/2 is defined as ftz|m+1/2 = a˙z|m+1/2 − (at|m+1 − at|m)/lc. We also used
the relation 2πρclc = 2πa, which represents the fuzziness of the D0-brane. From these
the second term in the square root is evaluated as
(DtX
i)2mn = a
2
(
f 2tz +
1
ρ2c
a˙2φ
)∣∣∣
m
δm,n, (61)
where f 2tz|m is defined as f 2tz|m = 12(f 2tz|m+1/2 + f 2tz|m−1/2).
Second the commutators are given by
1
λ
[X1, X2]mn = 0,
1
λ
[X2, X3]mn =
ia2
2λρc
(ρc
a
− a′φ
)
eilcaz
∣∣∣
m+1/2
δm+1,n
+
ia2
2λρc
(ρc
a
− a′φ
)
e−ilcaz
∣∣∣
m−1/2
δm,n+1, (62)
1
λ
[X3, X1]mn = − a
2
2λρc
(ρc
a
− a′φ
)
eilcaz
∣∣∣
m+1/2
δm+1,n
+
a2
2λρc
(ρc
a
− a′φ
)
e−ilcaz
∣∣∣
m−1/2
δm,n+1,
where a′φ|m+1/2 is defined as a′φ|m+1/2 = (aφ|m+1− aφ|m)/lc. From these the third term
in the square root is written as
( 1
2λ2
[X i, Xj]2
)
mn
= − a
4
λ2ρ2c
(ρc
a
− a′φ
)2∣∣∣
m
δm,n, (63)
where (ρc
a
− a′φ)2|m is defined as (ρca − a′φ)2|m = 12{(ρca − a′φ)2|m+1/2 + (ρca − a′φ)2|m−1/2}.
Third the matrix
ǫijk
2λ
{DtX i, [Xj, Xk]} is calculated as(ǫijk
2λ
{
DtX
i, [Xj, Xk]
})
mn
= 0. (64)
From this it is obvious that the fourth term in the square root is zero.
It is important to remark that both (61) and (63) are proportional to the unit
matrix. This means that the square root part in the action (58) is also proportional to
the unit matrix and the trace operation becomes just the sum of the diagonal elements.
Then we obtain the action of the form
SD0 = −T0
∫
dt
∑
m
ρclc
a
[
1 + a2
{
− 1
ρ2c
a˙2φ +
a2
λ2ρ2c
(ρc
a
− a′φ
)2
− f 2tz
}]1/2∣∣∣
m
. (65)
This is the effective action for the fuzzy cylinder with only gauge fields.
Let us consider the continuous limit of the above action. When the separation
parameter lc is sufficiently small, it is possible to replace
∑
m lc with
∫
dz. Then the
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above action reaches to the form
SD0 = −T0
a
∫
dtdz ρc
[
1 + a2
{
− 1
ρ2c
a˙2φ +
a2
λ2ρ2c
(ρc
a
− a′φ
)2
− f 2tz
}]1/2
. (66)
It is easy to see that this action precisely coincides with the action (38) with ρˆ = 0 in
the case of a = b = λ. Therefore we conclude that the matrices (59) correctly describe
the gauge fluctuations on the D2-brane under the condition of a = b = λ.
4.2.2 The identification of a scalar fluctuation
In the previous subsection the action (38) with ρˆ = 0 is realized from the nonabelian
Born-Infeld action for D0-branes. Here we discuss the appearance of a scalar fluctua-
tion from that action. The starting point is the matrices of the form
X1mn =
1
2
(ρc + ρˆ)
∣∣∣
m+1/2
δm+1,n +
1
2
(ρc + ρˆ)
∣∣∣
m−1/2
δm,n+1,
X2mn =
i
2
(ρc + ρˆ)
∣∣∣
m+1/2
δm+1,n − i
2
(ρc + ρˆ)
∣∣∣
m−1/2
δm,n+1, (67)
X3mn = mlcδm,n, Atmn = 0.
Note that the fluctuation ρˆ|m+1/2 depends on the time t. We neglect the gauge fluc-
tuations discussed in the previous subsection in order to concentrate on the scalar
fluctuation.
Let us evaluate the interior of the square root in the action (58) as before. First
the covariant derivatives are given by
(DtX
1)mn =
1
2
˙ˆρ
∣∣∣
m+1/2
δm+1,n +
1
2
˙ˆρ
∣∣∣
m−1/2
δm,n+1,
(DtX
2)mn =
i
2
˙ˆρ
∣∣∣
m+1/2
δm+1,n − i
2
˙ˆρ
∣∣∣
m−1/2
δm,n+1, (68)
(DtX
3)mn = 0.
From these the second term in the square root is written as
(DtX
i)2mn =
˙ˆρ2
∣∣∣
m
δm,n, (69)
where the right hand side is defined as ˙ˆρ2|m = 12( ˙ˆρ2|m+1/2 + ˙ˆρ2|m−1/2).
Next the commutators are calculated as
1
λ
[X1, X2]mn =
(
− ia
λ
ρˆ′ +O( ρˆ
ρc
))∣∣∣
m
δm,n,
1
λ
[X2, X3]mn =
( ia
2λ
+O( ρˆ
ρc
)
)∣∣∣
m+1/2
δm+1,n +
( ia
2λ
+O( ρˆ
ρc
)
)∣∣∣
m−1/2
δm,n+1, (70)
1
λ
[X3, X1]mn =
(
− a
2λ
+O( ρˆ
ρc
)
)∣∣∣
m+1/2
δm+1,n +
( a
2λ
+O( ρˆ
ρc
)
)∣∣∣
m−1/2
δm,n+1,
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where ρˆ′|m is defined as ρˆ′|m = (ρˆ|m+1/2−ρˆ|m−1/2)/lc and we used the relation 2πρclc =
2πa. Then the third term in the square root becomes
( 1
2λ2
[X i, Xj]2
)
mn
=
(
− a
2
λ2
− a
2
λ2
ρˆ′2 +O( ρˆ
ρc
)
)∣∣∣
m
δm,n. (71)
Last the matrix
ǫijk
2λ
{DtX i, [Xj , Xk]} is calculated as
(ǫijk
2λ
{
DtX
i, [Xj, Xk]
})
mn
=
( ia
λ
˙ˆρ+O( ρˆ
ρc
)
)∣∣∣
m
δm,n, (72)
where ˙ˆρ|m is defined as ˙ˆρ|m = 12( ˙ˆρ|m+1/2 + ˙ˆρ|m−1/2). From this the fourth term in the
square root is given by
(ǫijk
2λ
{
DtX
i, [Xj, Xk]
})2
mn
=
(
− a
2
λ2
˙ˆρ2 +O( ρˆ
ρc
)
)∣∣∣
m
δm,n. (73)
This term does not appear in the previous subsection.
It is important to note that the terms (69), (71) and (73) are proportional to
the unit matrix. This means that the square root part in the action (58) is also
proportional to the unit matrix and the trace operation becomes just the sum of the
diagonal elements. Then we obtain the action of the form
SD0 = −T0
∫
dt
∑
m
ρclc
a
[
1 +
(
− ˙ˆρ2 + a
2
λ2
ρˆ′2
)
+
a2
λ2
− a
2
λ2
˙ˆρ2 +O( ρˆ
ρc
)
]1/2∣∣∣
m
. (74)
This is the effective action for the fuzzy cylinder with only the scalar field.
Let us consider the continuous limit of the above action. When the separation
parameter lc is sufficiently small, it is possible to replace
∑
m lc with
∫
dz. Then the
above action reaches to the form
SD0 = −T0
a
∫
dtdz ρc
[
1 +
(
− ˙ˆρ2 + a
2
λ2
ρˆ′2
)
+
a2
λ2
− a
2
λ2
˙ˆρ2 +O( ρˆ
ρc
)
]1/2
. (75)
It is easy to see that this action precisely coincides with the action (38) with only the
fluctuation ρˆ, in the case of a = b = λ. In other words, the matrices (67) correctly
describe the scalar fluctuation on the D2-brane under the condition of a = b = λ.
4.2.3 The effective action for the fuzzy cylinder
In this subsection we construct the effective action for the fuzzy cylinder by combining
the results obtained so far. First of all we choose the matrices for the fuzzy cylinder
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with the gauge and scalar fluctuations as
X1mn =
1
2
(ρc + ρˆ)e
ilcaz
∣∣∣
m+1/2
δm+1,n +
1
2
(ρc + ρˆ)e
−ilcaz
∣∣∣
m−1/2
δm,n+1,
X2mn =
i
2
(ρc + ρˆ)e
ilcaz
∣∣∣
m+1/2
δm+1,n − i
2
(ρc + ρˆ)e
−ilcaz
∣∣∣
m−1/2
δm,n+1, (76)
X3mn =
(
mlc − lcaφ
)∣∣∣
m
δm,n, Atmn = at
∣∣∣
m
δm,n.
Here the gauge fluctuations at|m, aφ|m, az|m+1/2 and the scalar fluctuation ρˆ|m+1/2
depend on the time t.
Now let us calculate the interior of the square root in the action (58) step by step.
First the covariant derivatives are given by
(DtX
1)mn =
1
2
(
˙ˆρ+ iaftz +O( ρˆρc )
)
eilcaz
∣∣∣
m+1/2
δm+1,n
+
1
2
(
˙ˆρ− iaftz +O( ρˆρc )
)
e−ilcaz
∣∣∣
m−1/2
δm,n+1,
(DtX
2)mn =
i
2
(
˙ˆρ+ iaftz +O( ρˆρc )
)
eilcaz
∣∣∣
m+1/2
δm+1,n (77)
− i
2
(
˙ˆρ− iaftz +O( ρˆρc )
)
e−ilcaz
∣∣∣
m−1/2
δm,n+1,
(DtX
3)mn = −lca˙φ
∣∣∣
m
δm,n,
where ftz|m+1/2 is defined as ftz|m+1/2 = a˙z|m+1/2 − (at|m+1 − at|m)/lc. We also used
the relation 2πρclc = 2πa, which means that the area occupied per the D0-brane is
2πa. From these the second term in the square root is evaluated as
(DtX
i)2mn =
{
˙ˆρ2 + a2
(
f 2tz +
1
ρ2c
a˙2φ
)
+O( ρˆ
ρc
)
}∣∣∣
m
δm,n, (78)
where f 2tz|m and ˙ˆρ2|m are defined as f 2tz|m = 12(f 2tz|m+1/2 + f 2tz|m−1/2) and ˙ˆρ2|m =
1
2
( ˙ˆρ2|m+1/2 + ˙ˆρ2|m−1/2) respectively.
Second the commutators are given by
1
λ
[X1, X2]mn =
(
− ia
λ
ρˆ′ +O( ρˆ
ρc
)
)∣∣∣
m
δm,n,
1
λ
[X2, X3]mn =
i
2
{ a2
λρc
(ρc
a
− a′φ
)
+O( ρˆ
ρc
)
}
eilcaz
∣∣∣
m+1/2
δm+1,n
+
i
2
{ a2
λρc
(ρc
a
− a′φ
)
+O( ρˆ
ρc
)
}
e−ilcaz
∣∣∣
m−1/2
δm,n+1, (79)
1
λ
[X3, X1]mn = −1
2
{ a2
λρc
(ρc
a
− a′φ
)
+O( ρˆ
ρc
)
}
eilcaz
∣∣∣
m+1/2
δm+1,n
+
1
2
{ a2
λρc
(ρc
a
− a′φ
)
+O( ρˆ
ρc
)
}
e−ilcaz
∣∣∣
m−1/2
δm,n+1,
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where a′φ|m+1/2 and ρˆ′|m are defined as a′φ|m+1/2 = (aφ|m+1 − aφ|m)/lc and ρˆ′|m =
(ρˆ|m+1/2− ρˆ|m−1/2)/lc respectively. From these the third term in the square root is
written as( 1
2λ2
[X i, Xj]2
)
mn
=
{
− a
2
λ2
ρˆ′2 − a
4
λ2ρ2c
(ρc
a
− a′φ
)2
+O( ρˆ
ρc
)
}∣∣∣
m
δm,n, (80)
where (ρc
a
− a′φ)2|m is defined as (ρca − a′φ)2|m = 12{(ρca − a′φ)2|m+1/2 + (ρca − a′φ)2|m−1/2}.
Third the matrix
ǫijk
2λ
{
DtX
i, [Xj , Xk]
}
is estimated as
(ǫijk
2λ
{
DtX
i, [Xj, Xk]
})
mn
=
[ ia2
λρc
{
˙ˆρ
(ρc
a
− a′φ
)
+ ρˆ′a˙φ
}
+O( ρˆ
ρc
)
]∣∣∣
m
δm,n, (81)
where ˙ˆρ(ρc
a
−a′φ)|m is defined as ˙ˆρ(ρca −a′φ)|m = 12{ ˙ˆρ(ρca −a′φ)|m+1/2+ ˙ˆρ(ρca −a′φ)|m−1/2}.
Then the fourth term in the square root is given by(ǫijk
2λ
{
DtX
i, [Xj, Xk]
})2
mn
=
[
− a
4
λ2ρ2c
{
˙ˆρ
(ρc
a
− a′φ
)
+ ρˆ′a˙φ
}2
+O( ρˆ
ρc
)
]∣∣∣
m
δm,n. (82)
Note that the terms (78), (80) and (82) are proportional to the unit matrix. This
means that the square root part in the action (58) is also proportional to the unit
matrix and the trace operation becomes just the sum of the diagonal elements. Then
we obtain the action of the form
SD0 = −T0
∫
dt
∑
m
ρclc
a
[
1 +
(
− ˙ˆρ2 + a
2
λ2
ρˆ′2
)
+ a2
{
− 1
ρ2c
a˙2φ +
a2
λ2ρ2c
(ρc
a
− a′φ
)2
− f 2tz
}
− a
4
λ2ρ2c
{
˙ˆρ
(ρc
a
− a′φ
)
+ ρˆ′a˙φ
}2
+O( ρˆ
ρc
)
]1/2∣∣∣
m
. (83)
This is the effective action for the fuzzy cylinder.
Let us consider the continuous limit of the above action. When the separation
parameter lc is sufficiently small, it is possible to replace
∑
m lc with
∫
dz. Then the
above action reaches to the form
SD0 = −T0
a
∫
dtdz ρc
[
1 +
(
− ˙ˆρ2 + a
2
λ2
ρˆ′2
)
+ a2
{
− 1
ρ2c
a˙2φ +
a2
λ2ρ2c
(ρc
a
− a′φ
)2
− f 2tz
}
− a
4
λ2ρ2c
{
˙ˆρ
(ρc
a
− a′φ
)
+ ρˆ′a˙φ
}2
+O( ρˆ
ρc
)
]1/2
. (84)
This action precisely coincides with the action (38) in the case of a = b = λ. In other
words, the matrices (76) correctly describe the gauge and scalar fluctuations on the
D2-brane under the condition of a = b = λ.
From the results obtained so far, we conclude that the gauge fluctuations on the
D2-brane world-volume appear from the scalar fluctuations of D0-branes which are
parallel to the fuzzy cylinder and the scalar fluctuation on the D2-brane does from the
scalar fluctuations of D0-branes which are perpendicular to the fuzzy cylinder.
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4.3 The effective action for the fuzzy sphere
As we have discussed in the section 2, the fuzzy sphere is described by the matrices
(24). In this subsection we consider the fluctuations around the fuzzy sphere and
construct the effective action for it. First of all we choose the M ×M matrices as
X1mn =
1
2
(ρ+ ρˆ)ei(l/rs)aθ
∣∣∣
m+1/2
δm+1,n +
1
2
(ρ+ ρˆ)e−i(l/rs)aθ
∣∣∣
m−1/2
δm,n+1,
X2mn =
i
2
(ρ+ ρˆ)ei(l/rs)aθ
∣∣∣
m+1/2
δm+1,n − i
2
(ρ+ ρˆ)e−i(l/rs)aθ
∣∣∣
m−1/2
δm,n+1, (85)
X3mn = (z + zˆ)
∣∣∣
m
δm,n, Atmn = at
∣∣∣
m
δm,n,
where m,n = 1, · · · ,M . As we observed in the section 2, ρm+1/2 and zm are the
background elements which form the fuzzy sphere and explicitly written as ρm+1/2 =
2rs
M
√
m(M−m) and zm = rsM (2m−M−1) respectively. The constant rs represents the
radius of the sphere. ρˆ|m+1/2, zˆ|m, aθ|m+1/2 and at|m are the fluctuations around the
fuzzy sphere and depend on the time t. Each length lm+1/2 is defined so as to satisfy
2πρm+1/2lm+1/2 = 2πa and interpreted as an ‘arc’ between the mth and the (m+1)th
D0-branes. In particular the relation lm+1/2/rs ∼ dθ holds in the continuous limit.
Now let us evaluate the interior of the square root in the action (58) step by step.
First the covariant derivatives are given by
(DtX
1)mn =
1
2
(
˙ˆρ+
ia
rs
ftθ +O( ρˆρ)
)
ei(l/rs)aθ
∣∣∣
m+1/2
δm+1,n
+
1
2
(
˙ˆρ− ia
rs
ftθ +O( ρˆρ)
)
e−i(l/rs)aθ
∣∣∣
m−1/2
δm,n+1,
(DtX
2)mn =
i
2
(
˙ˆρ+
ia
rs
ftθ +O( ρˆρ)
)
ei(l/rs)aθ
∣∣∣
m+1/2
δm+1,n (86)
− i
2
(
˙ˆρ− ia
rs
ftθ +O( ρˆρ)
)
e−i(l/rs)aθ
∣∣∣
m−1/2
δm,n+1,
(DtX
3)mn = ˙ˆz
∣∣∣
m
δm,n,
where ftθ|m+1/2 is defined as ftθ|m+1/2 = a˙θ|m+1/2 − (at|m+1 − at|m)/(lm+1/2/rs). From
these the second term in the square root is calculated as
(DtX
i)2mn =
(
˙ˆρ2 + ˙ˆz2 +
a2
r2s
f 2tθ +O( ρˆρ)
)∣∣∣
m
δm,n, (87)
where ˙ˆρ2|m and f 2tθ|m are defined as ˙ˆρ2|m = 12( ˙ˆρ2|m+1/2 + ˙ˆρ2|m−1/2) and f 2tθ|m =
1
2
(f 2tθ|m+1/2 + f 2tθ|m−1/2) respectively.
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Next the commutators are written as
1
λ
[X1, X2]mn =
(
− ia
λrs
(ρ′+ρˆ′) +O( ρˆ
ρ
)
)∣∣∣
m
δm,n,
1
λ
[X2, X3]mn =
( ia
2λrs
(z′+zˆ′) +O( ρˆ
ρ
)
)
ei(l/rs)aθ
∣∣∣
m+1/2
δm+1,n
+
( ia
2λrs
(z′+zˆ′) +O( ρˆ
ρ
)
)
e−i(l/rs)aθ
∣∣∣
m−1/2
δm,n+1, (88)
1
λ
[X3, X1]mn =
(
− a
2λrs
(z′+zˆ′) +O( ρˆ
ρ
)
)
ei(l/rs)aθ
∣∣∣
m+1/2
δm+1,n
+
( a
2λrs
(z′+zˆ′) +O( ρˆ
ρ
)
)
e−i(l/rs)aθ
∣∣∣
m−1/2
δm,n+1,
where ρ′|m and z′|m+1/2 are defined as ρ′|m = (ρ|m+1/2−ρ|m−1/2)/(lm/rs) and z′|m+1/2 =
(z|m+1− z|m)/(lm+1/2/rs) and so on. Each length lm is also defined so as to satisfy the
relation 2πρmlm = 2πa, where ρm =
1
2
(ρm+1/2 + ρm−1/2). As like the case of lm+1/2,
lm is interpreted as an ‘arc’ around the mth D0-brane and regarded as rsdθ in the
continuous limit. From the above equations the third term in the square root is given
by
( 1
2λ2
[X i, Xj]2
)
mn
=
(
− a
2
λ2r2s
(ρ′+ρˆ′)2 − a
2
λ2r2s
(z′+zˆ′)2 +O( ρˆ
ρ
)
)∣∣∣
m
δm,n, (89)
where (z′+zˆ′)2|m is defined as (z′+zˆ′)2|m = 12
{
(z′+zˆ′)2|m+1/2 + (z′+zˆ′)2|m−1/2
}
.
Last the matrix
ǫijk
2λ
{
DtX
i, [Xj, Xk]
}
becomes
(ǫijk
2λ
{
DtX
i, [Xj, Xk]
})
mn
=
(
− ia
λrs
(
˙ˆz(ρ′+ρˆ′)− ˙ˆρ(z′+zˆ′))+O( ρˆ
ρ
)
)∣∣∣
m
δm,n, (90)
where ˙ˆρ(z′+zˆ′)|m is defined as ˙ˆρ(z′+zˆ′)|m = 12{ ˙ˆρ(z′+zˆ′)|m+1/2 + ˙ˆρ(z′+zˆ′)|m−1/2}. From
this the fourth term in the square root is written as
(ǫijk
2λ
{
DtX
i, [Xj, Xk]
})2
mn
=
(
− a
2
λ2r2s
(
˙ˆz(ρ′+ρˆ′)− ˙ˆρ(z′+zˆ′))2 +O( ρˆ
ρ
)
)∣∣∣
m
δm,n. (91)
Now we are ready to evaluate the action (58). From the calculations so far, it is
easy to see that the trace operation becomes just the summation since the the square
root part is proportional to the unit matrix. Then we obtain the action of the form,
SD0 = −T0
∫
dt
∑
m
ρl
a
[
1−
(
˙ˆρ2 + ˙ˆz2 +
a2
r2s
f 2tθ
)
+
( a2
λ2r2s
(ρ′+ρˆ′)2 +
a2
λ2ρ2s
(z′+zˆ′)2
)
− a
2
λ2r2s
(
˙ˆz(ρ′+ρˆ′)− ˙ˆρ(z′+zˆ′))2 +O( ρˆ
ρ
)
]1/2∣∣∣
m
. (92)
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This is the effective action for the fuzzy sphere. At this stage, the correspondence
between this action and the effective action for the spherical D2-brane (44) is not
clear.
In order to observe the correspondence, we need to decompose the fluctuations ˙ˆρ|m,
˙ˆz|m, ρˆ′|m and zˆ′|m as
˙ˆρ
∣∣∣
m
=
ρ
rs
˙ˆr
∣∣∣
m
+
z
rs
(a
ρ
a˙φ
)∣∣∣
m
, ˙ˆz
∣∣∣
m
=
z
rs
˙ˆr
∣∣∣
m
− ρ
rs
(a
ρ
a˙φ
)∣∣∣
m
,
ρˆ′
∣∣∣
m
=
ρ
rs
rˆ′
∣∣∣
m
+
z
rs
(a
ρ
a′φ
)∣∣∣
m
, zˆ′
∣∣∣
m
=
z
rs
rˆ′
∣∣∣
m
− ρ
rs
(a
ρ
a′φ
)∣∣∣
m
, (93)
where ˙ˆr or rˆ′ are the bases perpendicular to the fuzzy sphere and a
ρ
a˙φ or
a
ρ
a′φ are those
along the fuzzy sphere.
Let us consider the continuous limit by taking M sufficiently large. Then ρ|m and
l|m are replaced with rs sin θ and rsdθ respectively and ρ2|m + z2|m becomes r2s . It is
also useful to notice that
(ρ′ + ρˆ′)2 + (z′ + zˆ′)2 = rˆ′2 +
(
rs +
a
rs sin θ
a′φ
)2
,
˙ˆz(ρ′+ρˆ′)− ˙ˆρ(z′+zˆ′) = ˙ˆr
(
rs +
a
rs sin θ
a′φ
)
− rˆ′
( a
rs sin θ
a˙φ
)
. (94)
By applying these relations to the action, it reaches to the form
SD0=−T0
a
∫
dtdθ r2s sin θ
[
1+
(
− ˙ˆr2+ a
2
λ2r2s
rˆ′2
)
+a2
{
− 1
r2s
f 2tθ+
a2
λ2r4s sin
2 θ
(r2s
a
sin θ+a′φ
)2
− 1
r2s sin
2 θ
a˙2φ
}
− a
4
λ2r4s sin
2 θ
{
˙ˆr
(r2s
a
sin θ+a′φ
)
−rˆ′a˙φ
}2
+O( rˆ
rs
)
]1/2
. (95)
This action precisely coincides with the action (44) in the case of a = b = λ. In other
words, the matrices (85) correctly reproduce the gauge and scalar fluctuations on the
D2-brane under the condition of a = b = λ.
From the results obtained in this subsection, we conclude that the gauge fluctu-
ations on the D2-brane world-volume arise from the scalar fluctuations of D0-branes
which are parallel to the fuzzy sphere and the scalar fluctuation on the D2-brane does
from the scalar fluctuations of D0-branes which are perpendicular to the fuzzy sphere.
4.4 The effective action for the fuzzy plane
In this subsection we construct the effective action for the fuzzy plane by adding
the fluctuations around this background. As we have discussed in the section 2, the
27
matrices which represents the fuzzy plane is given by (28). And there we defined
ρm =
1
2
(ρm+1/2 + ρm−1/2) and introduced the length lm so as to satisfy the relation
2πρmlm = 2πa. This meant that the each area occupies the constant area 2πa. Here
we interpret the area 2πa as the fuzziness of the D0-brane.
Now we also define the length lm+1/2 so as to satisfy 2πρm+1/2lm+1/2 = 2πa. The
length lm+1/2 is considered to represent the separation between the mth D0-brane and
(m+1)th D0-brane, since the separation is written as ρm+1−ρm = 2a/(
√
2a(m+ 1)+√
2a(m− 1)). With these preparations we adopt the fluctuations around the fuzzy
plane as
X1mn =
1
2
(ρ+ laφ)e
ilaρ
∣∣∣
m+1/2
δm+1,n +
1
2
(ρ+ laφ)e
−ilaρ
∣∣∣
m−1/2
δm,n+1,
X2mn =
i
2
(ρ+ laφ)e
ilaρ
∣∣∣
m+1/2
δm+1,n − i
2
(ρ+ laφ)e
−ilaρ
∣∣∣
m−1/2
δm,n+1, (96)
X3mn = (z0 + zˆ)
∣∣∣
m
δm,n, Atmn = at
∣∣∣
m
δm,n.
Here the fluctuations at|m, aρ|m+1/2, aφ|m+1/2 and zˆ|m depend on the time t.
Now let us evaluate the interior of the square root in the action (58) step by step.
First the covariant derivatives are evaluated as
(DtX
1)mn =
1
2
(a
ρ
a˙φ + iaftρ +O( laφρ )
)
eilaρ
∣∣∣
m+1/2
δm+1,n
+
1
2
(a
ρ
a˙φ − iaftρ +O( laφρ )
)
e−ilaρ
∣∣∣
m−1/2
δm,n+1,
(DtX
2)mn =
i
2
(a
ρ
a˙φ + iaftρ +O( laφρ )
)
eilaρ
∣∣∣
m+1/2
δm+1,n (97)
− i
2
(a
ρ
a˙φ − iaftρ +O( laφρ )
)
e−ilaρ
∣∣∣
m−1/2
δm,n+1,
(DtX
3)mn = ˙ˆz
∣∣∣
m
δm,n,
where ftρ|m+1/2 is defined as ftρ|m+1/2 = a˙ρ|m+1/2− (at|m+1−at|m)/lm+1/2. From these
the second term in the square root is calculated as
(DtX
i)2mn =
{
z˙2 + a2
( 1
ρ2
a˙2φ + f
2
tρ
)
+O( laφ
ρ
)
}∣∣∣
m
δm,n, (98)
where 1
ρ2
a˙2φ|m and f 2tρ|m are defined as 1ρ2 a˙2φ|m = 12( 1ρ2 a˙2φ|m+1/2+ 1ρ2 a˙2φ|m−1/2) and f 2tρ|m =
1
2
(f 2tρ|m+1/2 + f 2tρ|m−1/2) respectively.
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Second the commutators are estimated as
1
λ
[X1, X2]mn =
{
− ia
2
λρ
(ρ
a
+ a′φ
)
+O( laφ
ρ
)
}∣∣∣
m
δm,n,
1
λ
[X2, X3]mn =
i
2
(a
λ
zˆ′ +O( laφ
ρ
)
)
eilaρ
∣∣∣
m+1/2
δm+1,n
+
i
2
(a
λ
zˆ′ +O( laφ
ρ
)
)
e−ilaρ
∣∣∣
m−1/2
δm,n+1, (99)
1
λ
[X3, X1]mn = −1
2
(a
λ
zˆ′ +O( laφ
ρ
)
)
eilaρ
∣∣∣
m+1/2
δm+1,n
+
1
2
(a
λ
zˆ′ +O( laφ
ρ
)
)
e−ilaρ
∣∣∣
m−1/2
δm,n+1,
where a′φ|m = (aφ|m+1/2−aφ|m−1/2)/lm and zˆ′|m+1/2 = (zˆ|m+1−zˆ|m)/lm+1/2. Then the
third term in the square root becomes
( 1
2λ2
[X i, Xj]2
)
mn
=
{
− a
2
λ2
zˆ′2 − a
4
λ2ρ2
(ρ
a
+ a′φ
)2
+O( laφ
ρ
)
}∣∣∣
m
δm,n, (100)
where zˆ′2|m is defined as zˆ′2|m = 12(zˆ′2|m+1/2 + zˆ′2|m−1/2).
Third the matrix
ǫijk
2λ
{DtX i, [Xj, Xk]} is calculated as
(ǫijk
2λ
{
DtX
i, [Xj, Xk]
})
mn
=
[
− ia
2
λρ
{
˙ˆz
(ρ
a
+ a′φ
)
− zˆ′a˙φ
}
+O( laφ
ρ
)
]∣∣∣
m
δm,n, (101)
where 1
ρ
zˆ′a˙φ|m is defined as 1ρ zˆ′a˙φ|m = 12(1ρ zˆ′a˙φ|m+1/2 + 1ρ zˆ′a˙φ|m−1/2). From this the
fourth term in the square root is evaluated as
(ǫijk
2λ
{
DtX
i, [Xj, Xk]
})2
mn
=
[
− a
4
λ2ρ2
{
˙ˆz
(ρ
a
+ a′φ
)
− zˆ′a˙φ
}2
+O( laφ
ρ
)
]∣∣∣
m
δm,n. (102)
Now we are ready to evaluate the action (58). From the calculations so far, it is
easy to see that the trace operation becomes just the summation since the the square
root part is proportional to the unit matrix. Then we obtain the effective action of
the form
SD0 = −T0
∫
dt
∞∑
m=1
ρl
a
[
1 +
(
− ˙ˆz2 + a
2
λ2
zˆ′2
)
+ a2
{
− f 2tρ +
a2
λ2ρ2
(ρ
a
+ a′φ
)2
− 1
ρ2
a˙2φ
}
− a
4
λ2ρ2
{
˙ˆz
(ρ
a
+ a′φ
)
− zˆ′a˙φ
}2
+O( laφ
ρ
)
]1/2∣∣∣
m
. (103)
This is the effective action for the fuzzy plane.
Let us consider the continuous limit of the above action. When the fuzziness of
the D0-brane 2πa is sufficiently small, it is possible to replace
∑
m lm with
∫
dρ. Then
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the above action reaches to the form
SD0 = −T0
a
∫
dtdρ ρ
[
1 +
(
− ˙ˆz2 + a
2
λ2
zˆ′2
)
+ a2
{
− f 2tρ +
a2
λ2ρ2
(ρ
a
+ a′φ
)2
− 1
ρ2
a˙2φ
}
− a
4
λ2ρ2
{
˙ˆz
(ρ
a
+ a′φ
)
− zˆ′a˙φ
}2
+O(aaφ
ρ2
)
]1/2
. (104)
This action precisely coincides with the action (49) in the case of a = b = λ. In other
words, the matrices (96) correctly describe the gauge and scalar fluctuations on the
D2-brane under the condition of a = b = λ.
From the results obtained in this subsection, we conclude that the gauge fluctua-
tions on the D2-brane world-volume appear from the scalar fluctuations of D0-branes
which are parallel to the fuzzy plane and the scalar fluctuation on the D2-brane does
from the scalar fluctuations of D0-branes which are perpendicular to the fuzzy plane.
5 Conclusions and Discussions
Through this paper we have investigated the correspondence between the single D2-
brane action, which is described by the abelian Born-Infeld action, and multiple D0-
branes action, which is done by the nonabelian Born-Infeld action. And we found that
these two actions precisely coincide with each other if the condition a = b = λ holds.
In the section 2, we obtained the matrices which describe the fuzzy cylinder, sphere,
plane and the general fuzzy surface with axial symmetry. It should be emphasized
that the explicit expressions of the matrices (5), (9) ,(24) and (28) make us possible
to understand these fuzzy geometries pictorially as Figs. 1, 2 and 3.
In the section 3, the effective actions for the cylindrical, spherical and planar D2-
brane with magnetic flux on the world-volume are obtained by evaluating the abelian
Born-Infeld action. The results are given by (38), (44) and (49), and the parameter
2πb introduced there represents the area occupied per a unit of magnetic flux.
In the section 4, we have constructed the effective actions for the fuzzy cylinder,
sphere and plane by evaluating the nonabelian Born-Infeld action for D0-branes. We
started from the matrices (76), (85) and (96) and obtained the results (83), (92) and
(103). The parameter 2πa introduced there represents the fuzziness of the D0-brane.
Our main result is that in the continuous limit the effective actions reach to (84),
(95) and (104), and those are precisely coincident with the actions (38), (44) and (49)
respectively under the condition of a = b = λ.
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Let us consider the physical meaning of the above conditions step by step. First
the condition a = b is easy to understand if we note that the charge of the D0-brane
and the the magnetic flux on the D2-brane are essentially the same quantum number.
It is interesting to mention that if we neglect the gauge and scalar fluctuations, for
example, the potential energy for the fuzzy cylinder precisely reaches to that for the
cylindrical D2-brane in the continuous limit, only under the condition of a = b.
Next let us consider the meaning of 2πa = 2πλ. It is easy to see that the area
(2πℓs)
2 is expressed as
(2πℓs)
2T2 = T0, (105)
where T2 is the tension of the D2-brane and T0 is the mass of the D0-brane. This
means that the mass of the D2-brane with the area (2πℓs)
2 is equal to the mass of
the D0-brane. In other words, the D0-brane can transform into the D2-brane with
the area (2πℓs)
2 in view of the energy conservation. Therefore it might be natural to
conclude that multiple D0-branes can describe the D2-brane if the condition 2πa =
2πλ = (2πℓs)
2 holds.
As a future work, it is interesting to apply our methods obtained in this paper
to more complicated cases. For example, it would be possible to construct the non-
abelian D2-branes action from multiple D0-branes or the abelian D3-brane action from
multiple D1-branes action. It is also interesting to apply our methods to construct
fundamental strings or a pair of brane anti-brane system[11, 12].
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